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Abstract
We found an analytical solution for the neutrino mass matrix in the most general case of the
Zee model. Using the recent data on the neutrino parameters besides generating neutrino masses
at 1-loop level we fit also the masses of the charged leptons and the leptonic mixing matrix. We
also show in what conditions the model is not compatible with neutrino data.
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I. INTRODUCTION
Among the several ways that neutrinos can gain mass, loop-mechanisms are perhaps the
most motivated ones, as they explain naturally the small neutrino masses. Moreover, among
all of them, the simplest mechanism to generate neutrino masses at the 1-loop level is the
Zee’s mechanism [1, 2]. Through the years this mechanism has been studied, see for instance
Refs. [3–11]. Here, we will show for the first time an analytical solution for the neutrino
mass matrix arising in that mechanism and study the possibility to adjust not only the
neutrino masses but also the charged leptons masses and the leptonic mixing matrix using
recent data on neutrino masses and the neutrino mixing matrix. This mechanism is easy to
be implemented in the standard model (SM) by adding an extra scalar doublet and a singly
charged singlet scalar, h+.
The representation content of the model in the lepton sector is the usual lepton doublets
ΨL = (νa, la)
T
L and singlets laR, a = e, µ, τ . The scalar sector consists of two doublets
with Y = +1, φα = (φ
+
α φ
0
α)
T , α = 1, 2 and a singly charged h+ with Y = +2. As usual
φ0α = (1/
√
2)(vα + Reφ
0
α + iImφ
0
α), where vα are the vaccum spectation values of the neutral
fields.
The leptonic Yukawa interactions with the singly charged scalar is
− Lh = Fˆab[νTaLC(V l†L )bkl−kL − (l−L )Tk (V l∗L )kaCνbL]h+ (1)
here C is the charge conjugation matrix, a, b are generation indices, and Fˆab is an anti-
symmetric matrix, thus a 6= b in (1). Only h+ is still a symmetry eigenstate.
Here, we discuss only the terms that are important for genetation of the neutrino masses.
Firstly, notice that there is a trilinear term fαβ(φ
i
αφ
j
β)ijh
−. The matrix fαβ is also an
anti-symmetric and it has dimension of mass, so we have:
−Vh = 2f12(φ+1 φ02 − φ+2 φ01)h− (2)
where and f12 has dimension of mass. We will work in the Higgs basis in which the doublets
are written as φ1 = [G
+, (1/
√
2)(v + φ01 + iG
0)] and φ1 = [H
+, (1/
√
2)(φ02 + iA)] and v =√
v21 + v
2
2 [12]. In this case the important term Eq. (2) is −
√
2f12H
+h−. Although, H+, h−
are not mass eigenstates, we work in this basis because the contribution to neutrino masses
are manisfestly finite and the angle which relate the flavor basis H−, h− with the mass
eigenstates basis φ+1 , φ
−
2 is proportional to f12.
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Besides the term in Eq. (1), the more general Yukawa interaction that gives mass to the
charged leptons is,
− LYl =
2∑
α=1
[
ν¯ ′aL(Gˆα)abl′−bRφ
+
α + l
′−
aL(Gˆα)abl
′−
bRφ
0
α
]
+H.c. (3)
with the charged lepton mass matrix given by M lab =
∑2
α=1(Gˆ
l
α)ab
vα√
2
.
There is also an interaction with the physical singly charged scalar, which is related to
the lepton masses:
− L =
2∑
α=1
√
2
vi
ν¯ ′a(Gˆα)labl
′
bRφ
+
2 +H.c, (4)
where the primed fields are symmetry eigenstates and neutrinos are massless at the tree
level
II. SOLUTION
The neutrino are predicted to be majorana particle, whose masses are generated through
a loop diagram, which relates them to the lepton masses via the equation [1, 13],
Mν =
1
2
[
FˆM l
(
(M l)† − v1
cξ
Gˆ†2
)]
f12m
−2
h log
(
m2φ
m2h
)
+ Transpose (5)
where M l is the charged lepton mass matrix in the symmetry basis, mh is the mass of
the charged scalar which is almost singlet. Notice that in the Zee mechanism TrMν = 0,
hence m1 + m2 + m3 = 0. We will use this property below. In Eq. (5) we have used
the charged lepton mass matrix in order to write the matrix Gˆ1 in term of M
l and Gˆ2.
Notice that in this equation, both Mν and M l are not diagonal. The majorana character
of the neutrino mass matrix imply that we can rotate it via unitary rotation of the form
UTMνU = Mˆν ≡ Diag[m1,m2,m3], while the charged lepton matrix is rotated trough a bi-
unitary transformation, V lLM
lV l†R = ml ≡ Diag[me,mµ,mτ ]. It means that we can re-write
Eq. (5) into a simpler form [11],
mν =
1
2
F.
(
m2l −mlG†2
)
f12m
−2
h log
(
m2φ
m2h
)
+ Transpose. (6)
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Now, F = V lTL Fˆ V
l
L, which is still anti-symmetric and, G
†
2 =
v1
cξ
VRGˆ
†
2V
†
L , which is
a completly general matrix. Notice that Eq. (6), relates the neutrino mass matrix
in the basis where the charged leptons are diagonal, that is, UTPMNSm
νUPMNS = Mˆ
ν ,
where UPMNS = (V
l
L)
†U is the Pontecorvo–Maki–Nakagawa–Sakata matrix, parametrized
by the three neutrino mixing angles, sin2 θ12 = 0.306 ± 0.017, sin2 θ130.0214 ± 0.0010,
sin2 θ23 = 0.437 ± 0.027(0.569 ± 0.040), while the neutrino mass differences, ∆m221 =
[7.37 ± 0.33] × 10−5 eV2 and |∆m231| = [2.5 ± 0.04](2.46 ± 0.05) × 10−3 eV2, can be trans-
lated into Mˆν parameters as Diag[(m1,±
√
∆m221 +m
2
1),±
√
∆m231 +m
2
1)] for normal or
Diag[(±√|∆m213|+m23,±√∆m221 + |∆m213|+m23,m3)] for inverted hierarchy [15].
By writing Eq. (6) in a more suitable form,
mν = (FZˆ) + (FZˆ)T , (7)
where Zˆ = 1
Λ
(
m2l −mlG†2
)
being a general 3 × 3 matrix with Λ = m2h/[f12 log(mφmh )], one
might think that all the 9 parameters in Zˆ contirbute to the neutrino mass matrix mν .
Nevertheless, it turns out that Zˆ can be written as a sum of two matrix Zˆ = Z + Q
where Q contains all the parameters that do not contribute to Eq. (6) and Z containing
only 5 parameters that does contribute to the neutrino mass equation, which we choose to
parametrize as,
Z =

Z1 0 Z2
0 Z3 0
Z4 Z5 0
 =

−mν13
F13
0 − mν33
2F13
0
F12mν33−2F13mν23
2F13F23
0
mν11
2F13
mν22
2F23
0
 (8)
In the appendix A, we describe how to write any general 3×3 matrix using this parametriza-
tion. Thus, all the parameters that can be used to solve the equation are 5 from the Z matrix
plus 3 from F . That means we can solve the system of equations in Eq. (6) by finding solu-
tions for the five parameters Zi, i = 1, ..., 5 and a relation for the three Fij parameters. The
analytic solution for Zi are presented in the second equality of (8) and the relation for Fij
can be found in Eq. (A5).
To show the power of such solution, we will discuss three particular cases where we analyze
minimal scenarios of the model: (i) Zee-Wolfenstein Minimal Model, (ii) Next-to-minimal
model (iii) Extending the Next-to-minimal.
(i) The Minimal Zee Model (MZM) consists on assuming G2 = 0. Therefore, the only
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free parameters are the three Fij elements, as the Zi are fixed by the lepton masses:
Z1 = (m
2
e −m2τ )/Λ, Z3 = (m2µ −m2τ )/Λ and the other Zi equals to zero.
Moreover, the model predicts the neutrino masses to obey m1 + m2 + m3 = 0. Un-
fortunately this model cannot accomodate the neutrino mixing parameters as shown
by [11, 16], because, in order to fit θ12 and θ23 it cannot produce sin
2 θ13 < 0.33, which
is more than excluded.
(ii) The Next-to-Minimal Model (NtMM) consists on turning on G2 with only one
extra parameter x. In particular, we found that if we take, Z4 = −x/F13, Z2 =
−x/2F13 and Z5 = x/2F23 which preserves the MZM parameters Z1 = (m2e −m2τ )/Λ,
Z3 = (m
2
µ −m2τ )/Λ and taking δCP = 0, m1 +m2 +m3 = 0. Which predicts x = M11,
plus, taking θ12 and θ13 inside the 3σ range, it predicts tan θ23 = 1 + O(∆m
2
21/m
2
2) for
both normal and inverted hierarchy.
(iii) A simple Extension of the NtMM consists on changing Z2 → −(x − y)/2F13 and
Z5 → (x + y)/2F23, which gives more freedom to accomodate both θ23 and δCP .
Notice that the NtMM is a particular case for |y| = 0. The neutrino mass matrix is
still traceless, but m1 +m2 +m3 = 0 does not hold for δCP 6= 0. In Fig. 1 we present
the value of the parameter y as a function of θ23. Notice that |y| = 0 occour around
θ23 = maximal, as expected by the result of NtMM.
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Figure 1: The value of |y| as a function of the atmospheric mixing angle θ23, with central
values of θ12 and θ13 given by the global fit and δCP from [0, 2pi]. The width of the line is
due to δCP variation.
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For both cases (ii) and (iii) the relation (A5) imply,
F13 = − Λ
m2τ −m2e
Mν13 (9)
F23(m
2
τ −m2µ)
Λ
= 2Mν13M
ν
23 −
F12(m
2
τ −m2e)
Λ
(Mν11 − y).
The numerical solutions are plotted in Fig. 2 below. Notice that all Fij are of the same
order.
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Figure 2: The value of |Fij| as a function of the atmospheric mixing angle θ23, with cen-
tral values of θ12 and θ13 given by the global fit and δCP from [0, 2pi]. NH(IN) denotes
normal(inverted) neutrino mass hierarchy.
For completeness, we present one possible solution for the mixing matrix U , VL and the
G2 Yukawas for case (iii) assuming:
U = UPMNS VL = VR = I3×3 (10)
and
G2 = Λ

F12(mν11−2y)
4F13F23me
0 − mν11
2F13me
0
F12(mν11−2y)
4F13F23mµ
(mν11−2y)
4F23mµ
− mν11
2F13mτ
(mν11−2y)
4F23mτ
0
 (11)
Notice the special case where 2y = mν11 ≈ 0.03(0.05)eV for NH (IH) in which the only
non-zero parameters are (G2)13 = − m
ν
11Λ
2F13me
and (G2)31 = − m
ν
11Λ
2F13mτ
.
Our result is general, as it does not make any assumption on the values or hierarchy
of the coupling constants. For example, take the parameter scan from [17], there, they
assumed F12 = 0 and neglected me mass. Nevertheless, the solution we presented gives
6
(G2)13/(G2)31 = me/mτ , thus, with our result, one may find solutions where the electron
mass is important or any parameter is non-zero.
III. CONCLUSIONS
The Zee model is a simple modification of the standard model Higgs sector with two
active Higgs doublets and a singlet singly charged scalar, h+. Here we have considered the
most general case when both neutral scalars gain a non-zero vacuum expectation value and
the charged lepton mass matrix is not diagonal. Besides explaining the smallness of neutrino
masses, it accommodates the charged lepton masses and the leptonic mixing matrix in the
W − l − ν interactions. It also leads to exotic lepton number violating processes |∆L| = 2
such as ν¯e + e
− → νµ + µ− via the singly charged scalar. This induces new interaction of
the neutrino with matter that might be constrained by neutrino data. Other processes like
µ → eγ, trilepton decays nn → ppµ−e−, µ + N → e + N , in general violation of lepton
universality processes. One of the neutral Higgs must correspond to the SM Higgs but its
trilinear and quartic interactions are modified by loop effects, and the flavor violation Higgs
decays as h → µτ ,... also occur. Some of these processes have been considered in Ref. [17]
but as we noted above these authors did not consider the full space of parameters i.e., their
model is not the full Zee model.
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Appendix A: Appendix
The neutrino mass matrix in Eq. (7) may be written also as
mν = FZˆ + (ZˆF )T = FZ + (ZF )T , (A1)
where Zˆ = Z +Q,
Z =

Z1 0 Z2
0 Z3 0
Z4 Z5 0
 =

−mν13
F13
0 − mν33
2F13
0
F12mν33−2F13mν23
2F13F23
0
mν11
2F13
mν22
2F23
0
 (A2)
and Q =
∑4
i=1 qiAi, with
A1 =

−F23
F13
0 0
1 0 0
−F12
F13
0 0
 A2 =

0 −F23
F13
0
0 1 0
0 −F12
F13
0
 (A3)
A3 =

0 0 −F23
F13
0 0 1
0 0 −F12
F13
 A4 =

2 F23
F13
−2F23
F12
0 1 2F13
F12
0 F12
F13
0

qi are free parameters. The relation in Eq. (A1) follows beacuse none of the Ai matrix in
(A4) gives non-zero contribution to mν .
With the Z and A matrices given in Eq. (A2) and (A3), we found that
q1 = Zˆ21 q4 = Zˆ33,
q2 = −2(F13)
2Zˆ12 − F12F23Zˆ23 − F13F23Zˆ33
2F13F23
q3 =
F12Zˆ23 + F13Zˆ33
2F13
, Z1 = Zˆ11 − Zˆ33 + F23Zˆ21 − F12Zˆ23
F13
Z2 = Zˆ13 +
F23
F13
Zˆ23, Z3 = Zˆ22 − Zˆ33 + (F13)
2Zˆ12 − F12F23Zˆ23
F13F23
Z4 = Zˆ31 +
F12
F13
Zˆ21, Z5 = Zˆ32 − F12
F23
Zˆ12 (A4)
Notice that Z has only 5 parameters, while mν has 6 degrees of freedom. Thus, the
missing equations relates F ,
F 223m
ν
11 + 2F23F12m
ν
13 + F
2
13m
ν
22 + F
2
12m
ν
33
−2F13(F23mν12 + F12mν23) = 0. (A5)
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